pose. Using a 6 x 6 spring matrix, it is possible to conDetermination of the magnitudes and directions of the constraints of a mechanical system can be achieved by finding the basis of the system's characteristic compliance matrix. When little is known about the geometry of the system, conventional methods cannot be used to calculate the system's compliance matrix. A new method has been developed that uses experimental data to calculate a passive system's compliance matrix, and an eigenvalue decomposition to extract the directions and magnitudes of the system constraints. The data were wrenches applied to the system and the mechanism's resulting displacement from equilibrium.
Introduction
Knowledge of the constraints of a mechanism can be used to understand the behaviour of a mechanism under different loading scenarios. This knowledge can aid in predicting which loading regimes will produce instability of the mechanism or, conversely, which directions must be constrained to prevent failure. The static-loading behaviour of the mechanism can be determined based on its Jacobian matrix, but when there is no geometric information about the mechanism the Jacobian matrix cannot be determined. A survey of relevant literature produced no satisfactory method of resolving system constraints for such mechanisms.
The primary goal of this work was to find a method of determining the magnitude and directions of constraint when presented with a passive system for which there was little or no a priori knowledge of the system geometry. Determining the constraints of a system is a statics problem, as it requires knowledge of both the force and displacement behaviour of the system. Any passive mechanism in static equilibrium can be modeled as a mechanism for which the spring matrix (compliance or stiffness matrix) can be used to characterize the force-displacement behaviour in that sider the coupling of 3 orthogonal translations, rotations, forces and torques, and hence determine the directions and magnitudes of constraint by finding the basis of the matrix. Including all 6 motion parameters eliminates the need for assumptions regarding the system geometry and the number of degrees of freedom (DOFs) of the system. The methods for determining the spring matrix from experimental force and displacement data, and analyzing the matrix, are the results presented here. The experimental method was based on screw theory alid the magnitudes and directions of the constraints (or DOFs) were extracted from the resulting spring matrix using eigenscrew decomposition. The presented analytical method is equally applicable to mechanical and biological systems that can be locally modeled as a linear spring system in equilibrium.
Previous Work
A review of current robotic and biomedical literature revealed four distinct methods of determining the number of DOFs of a mechanism. Patterson and Lipkin [17, 181 used eigenscrew decomposition of a mechanism's compliance matrix to extract the magnitudes and directions of the degrees of freedom. Several researchers [2, 12, 16 ,221 used the system's Jacobian to determine the number of DOFs by finding the rank of the Jacobian matrix. This decomposition returned only the number of degrees of freedom, and relied on accurate geometric knowledge of the system constraints to construct the Jacobian matrix. Moore et al. [ 151 resolved the number of DOFs of a system by fitting its configuration space trajectory to an n-dimensional space. This fitting method required no a priori geometric knowledge of the system, but yielded neither directions nor magnitudes of the DOFs. Deluzio [4] used principal component analysis (PCA) to determine the number of DOFs of a system. PCA did not require geometric knowledge of the system and extracted the directions but not the magnitudes of the DOFs from experimental kinematic data. Of these four methods, only that of Patterson and Lipkin was able to determine both magnitude and direction of the DOFs provided that the compliance matrix for the system could be obtained.
The majority of researchers reporting methods of determining system compliance implemented an analytic approach that relied on knowledge of the geometry of the system [l, 5, 7, 14, 19, 20, 211 . To our knowledge, only ElMaraghy and Johns [6] have attempted an experimental determination of end-effector compliance. They attempted to experimentally determine the compliance of a SCARA robot in order to validate a model that was previously determined analytically [5] . They were, however, unsuccessful in validating the analytical model of the SCARA robot they studied because they were unable to defeat the active compliance compensation of the manipulator control system. Their reported experimental results for the PUMA 560 did correspond to the results obtained by Lozinski [ 
131.
The significance of the paper by ElMaraghy and Johns is that they demonstrated the possibility of experimentally determining the compliance matrix for a mechanism of unknown geometrical configuration.
We suggest that Patterson and Lipkin's method of eigenscrew decomposition could be applied to the experimentally determined compliance matrix, to resolve the magnitudes and directions of the DOFs of the system.
Theoretical Background
Patterson and Lipkin's method of compliance analysis relies on screw theory to extract the system DOF directions and magnitudes. A screw axis is a six-component vector whose first three components indicate the direction of action and the last three components indicate the moment of the action about the origin of the reference frame. In screw theory, statics data are represented by twists and wrenches. Any rigid-body displacement can be represented as a single translation along, and rotation about, an axis. This is the definition of a twist that can be written as The A matrix has several unique properties including orthogonality and A-' = A. When working with wrenches and twists it is essential that they be in consistent notation. When a wrench is applied to a mechanism, a twist results. The compliance matrix C provides the linear relationship between the twist T' and wrench ti? as
The compliance matrix must be symmetric and positive definite (SPD, S,">) to agree with the assumptions that the system is passive, close to equilibrium, and that strain energy is absorbed by the system during deformation. If square matrices of twists T and wrenches w are substituted for T' and .w' in Equation (4), the resulting equation may be manipulated to isolate C and obtain the compliance matrix from statics data as where w must be a square matrix of full rank. In order to minimize noise and ensure full rank of the experimentally determined twist and wrench matrices, T and w should be over-determined, in which case both sides of Equation (4) must be post-multiplied by wT to obtain
This equation allows calculation of the compliance matrix from experimental data, but the result C is rarely SPD and thus a SPD approximant must be found if the method is to have practical value. Higham [9, 101 used the Frobenius norm and the symmetric component of the initial non-SPD matrix C as a metric to locate the nearest symmetric, positive, semi-definite (SPSD, S,">) matrix C s p s~. Stated formally, he solved
Higham's method effectively sets negative eigenvalues of C to zero and rebuilds the approximation CSPSD. If a compliant axis exists, then all other eigenscrews must intersect the compliant axis in a hyperplane orthogonal to the axis. If two compliant axes exist, then all eigenscrews are grouped in orthogonal pairs. The number of degrees of freedom of a system can be determined by evaluating the magnitudes of the constraints, which are found from the eigenvalues and eigenscrew pitches. 
Simulations
Computer simulations were conducted for fifteen system compliance matrices. The majority of these were diagonal matrices constructed to represent systems of varying numbers and magnitudes of DOFs. Four of the matrices were extracted from the work by Patterson and Lipkin. These four matrices represented compliance of a parallel manipulator, a finger of the StanfordJPL robot hand, an elastically suspended rigid body and a six DOF robot performing a grinding operation. The fifteen matrices varied in condition number from 4 to 1060. The results obtained for five of these compliance matrices are presented here in detail.
Procedure
For each computer simulation, 150 wrench vectors were randomly generated and a corresponding 150 twist vectors were calculated using Equation (4). Uniform noise contamination of 5%, 10% and 20% were added to the twist and wrench vectors to simulate experimental conditions. A compliance matrix was calculated using Equation (6), and an SPSD approximation was obtained via Higham's method. The Frobenius norm of CSPSD was compared to that of the original compliance matrix to obtain a measure of error in the identification of the compliance matrix. Eigenscrew decomposition of C s p s~ was obtained using Equation (8) and the eigenscrew directions, pitches and eigenvalue magnitudes were compared with values obtained from the original compliance matrix. This was done as a second measure of the reliability of Higham's approximation method. The simulations were repeated 1000 times at each noise contamination level to obtain a representative sample.
Results
Example 1: A Stiff Hinge the rotational compliance of the hinge. The anticipated results for the eigenvalue and eigenvector decomposition of Chinge were that the largest eigenvalue should correspond to the s-direction and the pitch of the hinge axis should be very small, indicating large rotational compliance and small translational compliance.
The value of ch, was &, and the values of CT and CR in all directions were &. The matrix was considered illconditioned with a condition number of 100. The simulations were performed as described in the preceding section and the results of the error measurement of the approximant are presented in Figure 2 . Figure 2 shows that good agreement was achieved between the SPSD approximant and the original compliance matrix. Eigenscrew decomposition revealed the presence of three compliant axes for the stiff hinge. The compliant axis in the s-direction was identified correctly for each level of noise contamination. The remaining two compliant axes were identified to lie within a plane orthogonal to the x-axis, but the direction of the two axes within the plane could not be identified reliably due to algebraic multiplicity of the eigenvalues. Eigenvalues and pitches were reliably determined for all noise levels.
Example 2: Parallel Manipulator
The compliance matrix for a parallel manipulator was given by Patterson and Lipkin [ 171 as This matrix was ill-conditioned, with a condition number of 864. Eigenscrew decomposition of C revealed three pairs of eigenscrews that met the compliant axis criteria. This matrix had two compliant axes that corresponded to the same eigenvalue, creating a situation of algebraic multiplicity as was found in the preceding case for the stiff hinge. The results, displayed in Figure 3 , are similar to those obtained for the stiff hinge. This matrix was ill-conditioned with a condition number of 964. Eigenscrew decomposition revealed that there were no collinear eigenscrews, and therefore no compliant axes for the StanfordJPL finger in this posture. This result was not expected for this manipulator. The small rotational and translational compliances reveal that the finger was very stiff. The lack of compliant axes could be attributed to the particular pose of the manipulator that may have made decoupling of the imposed translations and rotations impossible.
The error in the approximant relative to the original C matrix was reported in Figure 4 . These results were similar to those for the preceding examples. The results of the eigenvalue decomposition are presented in Table 1 . Error distributions were large, especially for the eigenscrews corresponding to the smallest values of compliance (axes 3 and 4 in Table 1 ) because of the nearly singular condition of the matrix. Because the compliance values for axes 3 and 4 were nearly 0, large error offsets and imaginary values in the eigenscrews were occasionally obtained.
Example 4: Rigid Body
The compliance matrix of an elastically suspended rigid body was reported by Patterson and Lipkin [ 171 as . . . . . . formed an orthogonal system and demonstrated that the compliance behaviour of the rigid body could not be decoupled. The mean errors and standard deviations were small as was expected because of the condition number of 13.4 of the compliance matrix. The error in the approximant is presented in Figure 5 and is similar to the results obtained for the preceding matrices.
Eigen

Example 5: Six-DOF robot
The passive compliance matrix for a six-DOF robot used in The results obtained for the error measurement of the approximant are presented in Figure 6 . These are typical of the results for our other analyses. The distribution of the errors in eigenscrew directions were small. The error distribution for the eigenvalues and pitches were larger, as expected for a poorly conditioned matrix of condition number 1060. The relatively small errors in eigenscrew directions is because all eigenvalues were distinct. 
Summary and Conclusions
The results of the computer simulations reported in the preceding section demonstrated that it was possible to determine the compliance matrix of a system based on simulated experimental wrench and twist data, regardless of the extent of knowledge of the system geometry. Higham's SPSD approximation method was successful in reducing error incurred by noisy data and obtaining a SPSD matrix. The Frobenius norm error measurements of the approximant revealed that the compliance matrix could be determined to within 4% of the actual system compliance matrix when 10% noise was added to the twist and wrench data. The success of the eigenscrew decomposition in determining the number, direction and magnitude of the degrees of freedom of the system was difficult to measure because the accuracy of the information obtained through eigenscrew decomposition was dependent on matrix conditioning and algebraic multiplicity of the compliance matrix. The results of this work suggest that the number, directions, and magnitudes of constraint can be determined for any passive mechanical system in static equilibrium. The methods of analysis presented here could be useful as a tool for design and analysis of prosthetic joints, the diagnosis of human joint instabilities and the detection of unwanted constraint or compliance in robot manipulators as they interact with their environments.
